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A superspacepath integral proof
of the Gauss-Bonnet-Cherntheorem
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Abstract. A rigorous theory of integration in the spaceof paths in superspaceis
developed,by extendingBerezin~smethodof integrationto spacesof anticommut-
ing variables with an uncountablyhigh dimension.A Feynrnam-Kac-Itoformula
for the heat kernel of a wide class of superspacedifferential operators is esta-
blished. This formula is then usedto makerigorous the supersymmetricproofs
of theGauss-Bonnet-Cherntheorem[1,2].

1. INTRODUCTION

The purposeof this paperis to developananalytictheoryof combinedbosonic
andfermionic path integralsin curved space,so that recentsimple proofsof the
Gauss-Bonnet-Cherntheoremby Alvarez-Gaume[1] andby FriedanandWindey
[2], which use suchpath integrals,canbemaderigorous.

The Gauss-Bonnet-Cherntheoremrelatesthe Euler numberof a Riemannian
manifold to the integral of its top Euler class. If M is a compactorientable
Riemannianmanifold of even dimension n = 2k, with metric g, the theorem

statesthat

Keywords:superspace,path integral. Gauss-Bonnet-Cherntheorem.
1980MSC: 28C20 58G10 58C50.

* Researchsupportedby theScienceandEngineeringCouncil ofGreatBritain under advanced

researchfellowshipno. B/AF/687.



418 ALICE ROGERS

(1.1) x=(E

JM

where x is the Euler numberof M andE is a representativeof its to Eulerclass.

If d V denotesthe volume form on M correspondingto themetricg onemay use

(1.2) E=EdV

with the scalarfunctionE givenby

E = (1/k!)(—
1)k(8~)_k

(1.3)
x (— DPI— ~~RP(l)P(

2) ~
L.. ‘ ‘ ‘- ‘ q(l)q(2) q(n—l)q(n)~

p,qwperm(l,.. ,n)

This theoremwasoriginally provedby Chernin 1944 [3], and is also oneof many

resultscontainedin the Atiyah-Singerindex theorem[4]. Recentlyvery simple,

but not completely rigorous, proofs of the Ativah-Singer index theoremhave
beengiven by Alvarez-Gaume[1] and by Friedanand Windey [2], makinguseof
Witten’s observations[5] on propertiesof supersymmetricquantummechanics.

Theseproofs, which will be referredto as the supersymmetricproofs, have two
essentialingredients.First thereis McKean and Singers’ expressionof the Euler
numberin terms of the supertraceof the operatorexp(— i~t) (its being the La-

placianon formson themanifold) [6],

(1.4) x = Str exp(— st).

(This expressionwasrediscoveredby Witten in the languageof supersymmetry).

Secondly there is the use of path integral methods(including fermionic path

integrals)to calculatethis supertrace.
McKean and Singer’s formula is perfectly rigorous;the stageat which lack of

completerigour comes in to the supersymmetricproofs is in the path integrals,
particularly in the use of fermionic path integralswhich are integralsin spaces
of pathsin someanticommutingspace.Thepurposeof this paperis to developa

theory of combined bosonic and fermionic path integration which makes the
methodsused in the proof valid in as straightforwardway as possible,so that
the clarity andsimplicity of theproofsarenot lost.

As with other heatkernel proofs of the index theorem[7 - 13], the strategy
of the supersymmetricproofs is to prove a strongerlocal version of the Gauss-
Bonnet-Chern theorem first conjectured by McKean and Singer [6]. This

statesthat

(1.5) Bin str(exp(—L~t))(x,x)=E(x)
t—. 0
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at eachpoint x of M. (Here str denotesa x T2T’ matrix supertrace,whereas

Str in equation (1.4) denotesa full supertracein both the matrix and operator
sense.Both these supertracesare fully defined in section2). Standardcutting

and pasting argumentsmeanthat one can work in R’~to evaluatethe density
exp(—i~t)(x,x) in the limit I —* 0.

The rigorousversion of the supersymmetricproofswhich is presentedin this
paper is developedin three stages.In section2, beginningwith the naturalcor-
respondencebetweenforms on R’2 and functions on (n, n)-dimensionalsuper-

space,

(1.6) ~ ~ ~ a,,(x)0u1...O’P.

l=ll<...<lp 1=il<...<ip

it is shown how the Laplacian L
5 = (d + ô)

2 canbe expressedas a differential
operatoron the spaceof smooth functions on the superspace.This leadsto a
superspaceexpressionfor the densitystr exp(—L~t)(x, x).

In section 3 techniquesof path integrationin spacesof anticommutingvaria-

bles, developedby the authorin a previouspaper [14], are combinedwith con-
ventionalpath integrationmethodsto give a formula for the heatkernelof the

superspaceversionof the Laplacian.Theproofof theGauss-Bonnet-Cherntheorem
is completedin section 4 by using the path integral techniquesto evaluatethe
limit as t —* 0 of thematrix supertraceof thesuperspaceheatkernel.The method
both picks out the constantterm, and shows that the remaining termstend to

zero with t, in a verysimpleway.
Methods involving anticommutingvariableshavemostly beenused for formal

heuristics,ratherthan solid analysis.The resultsof thispapershowthat anticom-
muting variables can be used for rigorous analysis;moreover the processof
makingthe physicist’sheuristic approachrigorous doesnotdestroythe beautiful

simplicity of the physicist’sargument.
There are of course many other proofs of the GaussBonnetChern theorem,

and indeed the full Atiyah-Singer index theorem. Of some relevance to the
methodsof this paper are Bismut’s probabilistic proof [10], and two different
analytic proofs, by Getzler [11] and by Cycon,Froese,Kirsch andSimon [12].

There is also the proof by Lott [13], which usesthe approachto Fermionic
path integration developedby Osterwalderand Schrader[15]. This approachis
different from that of this paper,which takesas literally as possible the idea
introducedby physicistsof a measure(of Berezin type) in the spaceof pathsin
superspace.The reason for burdening the literature with yet anotherproof of
the GaussBonnetChern theoremis to demonstratethat this kind of path inte-
gration allows one to makerigorous the formal manipulationsof path integrals

whichareso intuitively appealing.
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2. A SUPERSPACEEXPRESSION FOR THE EULER NUMBER

As before, let M be ann-dimensionalcompactorientableRiemannianmanifold,
with metric g. In this sectionthe densityof theEulernumberof M will be expres-

sed in terms of the kernel of a differential operator on (n, n) dimensional
superspace.

2.1. Preliminarydefinitions

A brief summaryof the techniquesof analysisof functionsof evenand odd
variableswill be given; further detailsmay be found in [16, 17, 18]. The concrete
approachto functions of anticommutingvariableswill be usedhere, in which
functions between actual spaces are considered.There is an equivalent more

abstractapproachto such functions (developedin a global context)by Kostant

[19] and by Berezin and Leites [20]. Although the abstractapproachis more
elegantin that it doesnot require the introductionof an auxilliary Grassmann

algebra,the languageof the concreteapproachusedin this paperis moreappro-
priatefor path integration,It allows a moredirect generalisationof conventional
bosonicpath integration,and doesnothide the conceptualsimplicity of thepath

integral method in complicated formal constructions.Also, it is close to the
physicists’methodwhich inspirestheapproach.

For each positive integerL, BL will denote the GrassmannalgebraA(RL)

while CL will denotethe GrassmannalgebraA(CL ).(BL is regardedas embedded
in CL via a basis of generators).BL

1 will denote the odd part of BL. Also, for
eachpair of positiveintegersr,sR~will denotetheCartesianproductRrx(BL1)s;

a typical elementof this spacewill be denoted(x
1, . . .,x~01, . . . 9S) or (x, 0).

The topology usedon BL, BL
1 andR2

5 will simply be the usual topology of a

finite dimensionalvector space.For analytic purposesit is useful to use an
norm on BL (with respectto a basis of generators);BL then becomesa Banach
algebra.(R25 is more restrictedthan the flat superspaceB~5of reference18, but

sufficient for thispaper.)
It is useful to introduce a notation for a commonly occurring set of multi-

indices.The setof multi-indicesi.~= p1.. p~,with 1 ~ p~<. . . <pk ~<s(includ-
ing theempty index, denoted~),will be denotedM

5. Productssuchas 0 ~ . . . 0 ~

will be abbreviatedas 0 ~. Multi-indices will be summedover for the appro-

priate value of s. Single indices will be denoted by latin letters: repeatedlatin

indices will be summedover their range, according to the usual Einstein sum-

mation convention.

Various spacesof functions on R2~will now be defined.A function f : R2S +

BL will he said to he C~if,for eachp in M~. thereexistsa C~functionf~: RT -~ R

such that
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(2.1.1) f(x,0)=f~(x)8~.

(C~’functions are equivalentto the H~ functionsof reference18 restrictedto
R2

5). The space of all such C~’functions will be denotedC~I(R2S,R). In a

similar way C~(R25, C) is definedto be the spaceof all functionsof R~5into
CL expressiblein the form (2.1.1)with the coefficientfunctions~M requiredto

be C~functionsof R~into C. More generally,if A is a finite-dimensionalalgebra
over the reals,C~(R25, A) denotesthe spaceof functionsf of R25 into A x BL

satisfying

(2.1.2) f(x, 0) =fM(x) O~

wherethe coefficientfunctionsfM areC~functionsofRT into A.

Even derivatives ~. and odd derivatives~5. of a C~function are definedby

a~J~(xl...,xr;ol...os)=3.f(x1 ...,xr)OM

for i=l...,r

and t~
1f~(x

1 T)OP (no summation)

~ if jpP
(2.1.3)

= 0 otherwisefor / = I . . ., s.

Other spacesof functions (suchasL2’(R~,C) andC
1~’(R~,R) will be defined

in a similar way by imposing the appropriaterestrictions on the coefficient
functionsf~.A norm H will be definedon L

2’(R2~,C) by setting

(2.1.5) IlfIl = ~ IIf~tL
p E M~

With this norm L2’(R2~,C) becomesa Hilbert space.Also L2’(R2~,C) is the
closureof CI~’(R2~,C) with L2 norm.

2.2. Integral kernels on superspace

Supposethat K : L2’(R~, C) -+ L2’(R2~,C). Then, if thereexistsa function

K :B25 xB25 + CL

polynomial in anticommutingargumentssuch that, for all fin L2’(R2~)and all
(x, 0) in R2S,the integral5 d’13’ d~qK(x,)’,0, /.)f(y, ~)existsandsatisfies

(2.2.1) K(f)(x, 0) = d’~j d’1~K(x, i’, 0, Ø)f(j’, 0),
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the function K is said to be the integralkernelof the operatorK. (Theintegration
over the anticommutingvariables in (2.2.1) is carriedout accordingto the usual

Berezin prescription[21]). Kernel of operatorson other spacesof functionsof

R~5may be definedsimilarly when appropriate.

It is useful to notice that, if r = 0 (so that a purely odd superspaceis being
considered)and s is even, then 6(0, 0), the kernel of the identity operatoron

may beexpressedas

(2.2.2) 6(O,0)= d5kexp—1k
1(0’----O’)

while the operatora~0~6 haskernel

(2.2.3) a~°O~
6

0(O,0)=fdska~°0~k~exp—ik1(O’—O’).

(Here 6 denotesthemultiderivative 6 . . - 6
V Vj Vk

More generally,thereis a naturalidentification

i :L~(B~)—+ (L2(lRr))2

5

with

(2.2.4) i(f)=(f~ IPEAI
5)

if

f(x, 0) =f~O~.

An operatorK on L
2(B2~)has an integral superkernelif and only if the cor-

respondingoperator i~ c K c / on (L2(IRT))25 has a (matrix valued) integral
kernel K(x, y). That is, for eachx, y in 1W x ll~”,K(x, y) is a 2S x 2S matrix with

complexentriesK~(x,y) suchthat, for allx in RT and (f~)in (L2(1R~))2S,

(2.2.5) fdrx K~(x,y)f
10’) = ((/‘ a K a i)f)~(x).

The matrix supertraceof K(x, j’) is definedby

(2.2.6) str(KC, i)) = (— 1) ~
~i EM~

where p denotesthenumberof elementsin themulti-index p.
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A key property of the superheat kernel, which may be proved by explicit

calculation,is that

(2.2.7) d~OK(x, y, 0, 0) = str K(x, y).

2.3. A superspaceexpressionfor the Eulernumberdensityof M

The Euler numberdensityof the n-dimensionalmanifold M with Riemannian
metric g will now be expressedin terms of the superkernelof an operatoron

C~(B~°).(Cutting and pasting argumentsmeanthat it is notnecessaryto use

any global supermanifoldconstructions).There is a natural identification / of
with f2(R ‘~)(thespaceof smoothformsonR’~)definedby

dxTM
(2.3.1)

f(x, O)=f~O~.

(Here the multi-indicesp are summedover the spaceMa). There is a similar
identification of ~2(R’1)(the L2 closureof &2(R~))andL2’(R1”~, C). Clearly an

operatorK on ~l(R”) has an integral kernel if and only if the corresponding
operator/_1a K a / on L2(R~”~)hasan integralsuperkernel.The operatorof

importancein section4 is the Laplacian~‘ on &l(R”) correspondingto a metric
g’. Underthe identification/, L~’is replacedby theoperator

,, -—1

L~ =j o~soJ

(2.3.2) = —g”(a
1 + F~’O’~61)(a1+ o~

+R7’016k + (l/2)R~oko16~61

acting on C~°(R2~),(Recall that ~ denotesdifferentiation with respect to x~
and6. denotesdifferentiationwith respectto 0’, as in equation(1.3)).

Let ~ denotethe Laplacian on ~2(M) correspondingto the metric g. For the
proofof the GaussBonnetCherntheoremgiven in thenext section,it is necessary

to prove the existenceof the limit as t tendsto zero of str exp(— tL~5)(x,x) for
eachpoint x of M, and to evaluate this limit. Standardcutting and pastingargu-
ments (describedin the book of Cycon, Froese,Kirsch and Simon [12]) show
that it is sufficient to work on R’

1 in the following manner.Supposethat the
point x in M lies in a coordinatechart U, with correspondingnormal coordinate

mapping ‘I~ : U -÷R’2 such that ~11(x)= 0, and the closureof 1P(U) is compact.
Then a metricg’ on R” is chosensuch thatg’ = ~Jj_I*(g) on ~P(U)and g’ is the
Euclideanmetric outsidea compactset V containing~11(U).It canthenbe shown

that, if A’ is the Laplacianon &2(R’1) correspondingto the metricg’, then
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(2.3.3) exp — At(x, x) — exp— A’t(O, 0) = 0(exp— c/I)

where c is a positive constant.Hence,when evaluatingx using equation(1.5)

one may replacestr exp.— tA(x, x) by str exp(—A’t)(O, 0)~combiningthis with

(2.2.7)oneobtains

(2.3.4) lim str exp— tA(x, x) = lim d’20 exp(— (A”)t)(O, 0, 0, 0).
t-~0 t__,0J

Thus one has an expressionfor the Euler numberdensityof M in terms of the
superkernelof an operatoron L2(R~’°).In the following sectionspath integral

techniqueswill, be developedto evaluatethis superkernel, and henceprove the

Gauss-Bonnet-Chernformula.

3. SUPERSPACEPATH INTEGRATION

In this section a measureon the spaceof pathsin superspaceis developedby

combining conventionalbosonicpath integralswith the fermionicpath integrals

previously introduced by the author [14]. This measureis then usedto derive a

Feynman-Kac-Itoformula for the kernel of a wide classof differential operators

on C~(R25). (In section 4 this formula will be usetoto prove the Gauss-Bonnet-

Cherntheorem).In 3.1 a generalformalism for integrationon infinite dimensional
superspaceis set up. Conceptsof supermeasureand superrandom variableare

described. In 3.2 a particular supermeasureis defined on the spaceof pathsin

superspace,while 3.3 contains the path integral expressionfor the superkernel

of theevolution operatorof a wide classof Harniltonians.

3.1. Measures in infinite dimensional superspace

Let A be a set, and L, r ands be positive integerswith s < L. Let ~ denote

the complex Grassmannalgebrawith L anticommuting generators/? I’~’ hL,

and let BL denote the real Grassmannalgebrawith the samegenerators.For
each t E A let fBL denote the odd part of the real Grassrnannalgebrawith L

generators~b

1 ~bL,and let

(3.1.1) B~T.5)hl=(RT)Ax fJ fBL1.
tEA

(The more natural set to use would be ~ , the Cartesianproduct of copies

of R2
5 it is not used becausemany of the functions requiredon this space

would be zero for thequite trivial reasonthat any product of L + 1 odd elements

of BL must be zero). A typical elementof R~T,5~will be denoted(x’(t), 01(1)).
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The approach taken to measureson R~’~will be a combinationof conven-
tional measureson (R~)’~(in the Bochnerapproach,where finite dimensional
marginahs are the primary objects [22]) with the Berezin type measureson
R~0,8)A introduced by the author in [14]. Thesebosonic and fermionic type

measuresare combined to give the following definition of super probability
measureon R~T,3)A

DEFINITION 3.1.1. An (r, s)-superprobability spaceof weightw E CL consistsof

a) asetA
b) for eachfinite subsetJ = I1,. . ., tk ofA a functionf0 EL

2(R~~~~. CL)

suchthat

(i) fdrkx d~0f
1(x . 0) = w

(ii) if J’ = {t1, . . .,

tJç_]j then

f~,(x1,Ol,...,xk1,O~l)

(3.1.2) ç
=jdrxk d50kf~(xt,8l,...,xk,Ok).

U

Such a super probability spacewill be denoted{Rr5)A , {f
1}, dp}. The

will bereferredto as the finite distributions of thesupermeasuredp.

The aim of this approachis to build Kolmogorov-typeconsistencyconditions
into the definition and thusbe able to integratecertainobjects,not quite func-

tionsofR~T,5)A, which will be calledsuperrandomvariables.

DEFINITION 3.1.2. A superrandomvariableg on an (r, s)-superprobabilityspace

{R~r.s)A, , dp} consistsof
(i) a sequenceJ(l),J(2), . . . of finite subsetofA

(ii) for each positive integerN a function in L
2(B].~)’(”), CL) suchthat

(if # (N) denotesthe numberof elementsin thesetJ(N)) the sequence‘1 ‘2’

with

‘N = deffd~~)xdS#(N)O fJ(N)(x, O)g~(x,0)

tendsto a limit asN tendsto infinity. This limit will be denotedfdp g.
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3.2. A super-measureon paths in superspace

A supermeasureon pathsin the superspaceR~’2’~which is a generalisationof

Wiener measurewill now be introduced.This particular measureis designedto

make the proof of the Gauss-Bonnet-Cherntheoremin section 4 of this paperas
straightforwardas possible.It will be usedin 3.3 to give a pathintegralexpression

for thesuperkernel of the operatorexp — A”t (whereA” is the localisedsuperspa-

ce Laplacian defined in equation (2.3.2)). Similar measureshave beenusedby
Elworthy [23] in thepurely commutingcase.

Throughout this section, and the rest of this paper,i is an index which runs

from /to ii.

DEFINiTION 3.2.1. (a) Let / be the open interval (0. t), a, b E R°and ~, ~, K E

E R~’°.Let g’ bea metric on R” equalto the Euclideanmetric outsidea compact
set V contamrngthe origin 0. Also for 0 < s ~ t let P

5(x, j’) be the kernelof the

operatorexp — tH0 whereH0 is the scalar Laplacian a1g”a. actingon C~(R”).

The supermeasuredp [a, b, a, ~3,~c,t] is definedby the finite distribution func-
tionsfJEC~’(R~~

2~?)J,CL)where,iff C Iwithf = t
1,. . ., tN and t1<... <1N

~

(3.2.1) =P~(a,x’)P~2_~1c
1,x2). .

x exp — i{Oc~(0’1— ct’) + p.
1(0

2’ —

01i) + ... + ~Ni
03 —

0Ni)} .

(It may easily be checked,using the semigroupproperty of exp — tH0 that

the finite distributions5,, satisfy the consistencyconditions(i) and (ii) of defi-
nition 3.1 .1 and thusdefine a supermeasure).

The purposeof introducingthis measureon the spaceof pathsin superspaceis
to use it to develop a Feynman-Kac-Itoformula for the kernel of certain ope-
rators on L

2(R1-°).As a first step, the existenceof a classof randomvariables
on the supermeasurespace((R~’2’~)’,f~,dp [a,h. cr, j3, i’~, II) will beestablished;

random variablesof this kind will form the integrandin the Feynman-Kac-Ito

formula.

PROPOSITION 3.2.2. Let t be a positive real ijumber. For eachN = 1, 2 let

(3.2.2) J(N)=(rt/2N r= 1

Also supposethat, for / = 1 11 and p, V i/I M~, /i~’,, and 1c~are cO11l/)lCX-

valued C~functions of R°st/i/i co/ilpact support. J’or N = 1, 2 let fuiic-

[ions g~.in ~ CL) bedel/nedhJ
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g~(x,
01i, p11, . . ., ~ 0Ni ~N1~

2N—l 1
(3.2.3) = exp~~ (hxr)O~p, + h~(x’~l)0rPp )(Xri ~ if)

+ (t/2N)K~(xr)0rPPrv]~

(where, for notational convenience,x0 = a, x2 = b, 0~= a, 02 = f3 andp0 = x).

Then the sequenceg1, g2, . . . definesa superrandomvariable on the super
probability space (R~’

2”)’, (ft), dp). (This randomvariable will be denoted

ex~(fh~(x(u))0M(u)p(u) dx~(u)+

+ f k~(x(u))OP(u)p~(u)du).

Outl/,ie ofproof. For eachpositiveintegerN let dpN denote

[j dnxr d~O~d~p~fJ(N)(xu, OH, P
1f~..., xNi, 0N1 ~N1)’

and let

‘N fdPN g~(x
1’,011, p

11, ...,xNi, ONI,pNj).

Also let öt = t/2” + Then

‘N+ 1’N = ~ SNP+l—SNP
P= 1

where

SNP = fdPN

2P—1 1
x exp( ~ [~((hIU (xr)OrMprv + /l?(Xr)OrPpru)(Xri —x~ 1)
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+ 6t K~(xr)O~prt,]

2N-I r~

(3.2.4) +1 ) — ((/i~ (v
2r)OrMprV + h~V(xl(r+ I)0rP prV)(X2s1 ~ 1)i)

~rp L

+ 26t KPV(x25)O2TMP2TVJ)

Becauseof the compactsupport of/i~~andK~,theexponentin (3.2.4) is bound-

ed and so the exponentialcan be expandedin a power seriesin the exponent.

In evaluatingSA’,~’+1 — s’~’~the contributions from the zeroth order terms in

the exponential cancel: it will now be shown that the contributionfrom the

first ordertermsis boundedby CP,(a, h)M, where

M=~exp—/k
1aflexp~~ (I K~ +~

1pEM,,

and C is a positive constant specified below. The first order contribution to

SNP+l—SNP

1AK(0) + AK(p) + AK(x) + A/i(0) + Ah(p) + Ah(x)

where

AK(0) = 6t K~(x2~’)0
2”+ f~ iuK (x2~)02~”

pu ~2P+ lu

AK(p) = 6t K~(x2’~’)02Th~p21’~l,j — Av(x2~’)02PMp
2~

~‘P+ li — K V(v2P)02P+ Ip,0

AK(x) = 6t K,~(x
21~1)0_ P

2p~li ~

A/i(0) = — (/i~’~(x
2’~1) + /~t) (v2P+ 2))(

02P+ lp — O2PP)p,,~Iv

‘p

(3.2.5) x (x
2~h1_x2~21)

Ali(p) = (/i~’~(x2~’~1) + /i~(x2’~2))o2PP(p
2~Iv — P2p0)

x (x2P~~_x2~21)

A/i(x) = — [(li~(x
2~’~ 2) — h~(x2~1))(x2P+ 11 .v2Pi)

— (/i~(v2~’~I) — /i~~(X2~’))(X2~ 21- iii
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Now

JdPN+ 1AK(O) fdPN+ 1AK(p) = fdPN+ 1Ah(0)

0,

becauseof the6-functionnatureof theodd part of the measure.
Let

K(x)= ~ K~(x)I.
p, VEM~

t1=2P6t and t2=(2-~
1—2P—l)6t.

Then

fdPN+
1AK(x)I

~ M 6t exp(—H011)(exp(—H0 6t)K— K exp(— H06t)exp— H0 t2(a, b)

Thus,by Duhamel’sformula,if

(3.2.6) L = 2 sup exp(—(6t —s)H0)[K, H0]exp(—sH0)(x,Y) I
x,yE supp(K)

0~s~5f

(3.2.7) IfdPN+1AK(x)I ~<ML(6t)
2 P,(a, b).

Similarly

(3.2.8) fdPN+lAhx ~<2ML2(6t)2P,(a,b).

Thus the first order contribution to SNP+ 1 — 5N,P is of magnitudeless than

CP
1(a, b)(6t)

2M,whereC = max(L, 2L2).

Similar argumentsshow that the contributionfrom the rth order term is not
greaterthan(1/(2~~~)2)(tTCn/r!)Pt(a,b)M.
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Thus

(3.2.9) I ~
5’N,P+15N,P I ~(l/(2N)2)(exp IC— l)P~(a,b)M,

andhencethe sequence~ ‘~ . . . tendsto a limit asN tendsto infinity. U

COROLLARY 32.3. dp [a, b, a,13, K, t] g is polynomialin a, 13 and K.

Proof Thisresult follows from the fact that lim I exists for all values of
N-~ N

a,j3andk. U

3.3. A superspaceFevnman-Kac-Ito formula

This subsectioncontainsa key theorem,which establishesa Feynman-Kac-Ito

formula, that is, a path integral formulafor the heatkernelof certaindifferential
operatorson the spaceof L2’ functions on the superspaceB~. This formula

will be used in the next section to prove the Gauss-Bonnet-Cherntheorem.

THEOREM 33.1. For i = 1, . . ., n and p, v E M~let h~andK~be complex

valued C~functions on R’1 with cornpactsupport.Letg bea Riemannianmetric

on R” equal to theEuclidean metric outsidea compactregion. Then, if His the

closureof thedifferential operator on C~’(B~”~,CL) definedby

(3.3.1) H= a
1gVa1 +h~~O

M6a
1 +K~0~6~,

exp— Ht(a, b, a,(3)

= d”ic dp[a,b,a,f3,K]

(3.3.2)

x ~exp—[L h~~(x(s))0P(s)p~(s)g11(x(s))dx
1(s)

+ f (K~(x(s))— a,h~pv(x(s))O~(s)p(u)~ds.

Proof (This proof is modelledon a similar resultfor purely commutingvariables

givenby Simon [24]). First a lemmais required.

LEMMA 332. As in definition 3.2.1,for s > 0 let P
5(x, y) be the integral kernel

of exp — sH0 and let
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T~:R?’3”-+CL

with T~(x,y, 0,0, K)

= P~(x,y) exp — iK

1(O’ — 0’)

(3.3.3) 1 -

x exp —— (h’(x, 0, K)g1.(x) + h’(y, 0, K)g1.(y))(x’—y’)
2 ~‘ /

xexp—s ~

where U(x, O,ic)=K~x,O,ic)—a1h’~x,O,K)

K(x, 0, K) = K,v,(x)0PK~

and h
1(x, 0, K) =

Then (a) 5 d”~T~(x,y, 0, 0, K) is the integral kernelofa boundedoperator T
5

on L
2 ~B2”,R),and(b)forallfin the domain ofH

lim (d/ds(T
5f)) = — Hf

s-’ 0

Proof of lemma. Part(a) follows from thefact that

I T~(x,y, O,O,K)I ~<P3(x,y)L

for some positive L (since h’ andK~havecompactsupport),togetherwith the
factthat T~(x,y, 0, 0, K) is polynomialin 0, 0 and K.

(b) d/ds(T5f)

=fdnk d~yd~0P~(x,y)exp—iK1(O
1—Ø~)

x (—H [exp (_ — (h1(x, 0, K)g
11(x) +

+ h
1(y, 0, K)g

11(y))(x’ .—y’) —sT(x,0, ic))f(x,y)

— U(x, 0, ~)exp~—— (h
1(x, 0, K)g

11~X) +

+ h
1(y, 0, K)g

11(y))(xJ—yI)—sU(x, 0, 0)~f(x,0)
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=fdn k d°s d~0P~(x, i’)exp — iK
1(0

1 — 01)

(3.3.4)
x?_Hof(Y 0) + (a

1gu1)[~ (hl(x. 0. K)g11(x) +

+ li’Cs’, 0, K)g11(j’))f(y, 0)]

+ 2g’
1a

1~[±(h
1(x,0. K)g

11(x) + li~(i’,0, K)g11~’))f(v, 0) ]
— U(x, 0, K)f(x, 0) + S1(x, y, 0,0, K)(x’ —)‘)

x exp — — (h’(x, 0, K)g..(x) +

+ h’U’, 0,2K)gii(j,))(x!_l~yi)_sU(x, 0,

where s1(x, y, 0, 0, K) is a smooth compactsupport function. Hence, since
P~(x,~’)—÷6(x,y)ass~. 0,

lim d/ds(T~f)=—Hf.
s-.0

Proof of theorem 3.3.1. LetS, = exp(—Ht). Then

~~IIN(St/N—Tt/N)II = 0

by the lemma above.
Now lim (T )~‘

1(a,b, a, (3) exists (by theorem3.2.2 and corollary 3.2.3).
N=°~ tiN

Hencetheremustexista positiveconstantC suchthat

II (T,/N)~”II<C for all N.

Thus

II(Tr,N)N_StII

= II ~ (T,/N)r(T~/N— 5t/N)(5tIN) II

<NCII Tt/N—St/NII.

Thus s-lim (Tt/N)N = exp(— tH).

4. THE PROOFOF THEGAUSS-BONNET-CHERNTHEOREM

In this section the local Gauss-Bonnet-Cherntheorem is proved by using

the superspaceFeynman-Kac-Itoformula (Theorem3.3.1) to evaluatethe super
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kernelof exp(— A”t), A” being the superspace versionof the localisedLaplacian.

THEOREM 4.1. Let M be a compactorientable Riemannianmanifold, with metric

g and even dimensionn = 2k, and let A denote the Laplacian on forms on M.

Thenat eachpoint x ofM

(4.1) lirn str exp(—At)(x, x) = E(x)

where,as in equation(1.3), E is thescalarfunction

E=(J/k!)(— l)k(
87r)_k

x (— 1 )P (— 1 ~ .. . R:~~).
p,qEperm 1 n

Also the Euler numberx ofM is givenby theformula

(4.2) x= EdV.

((4.2) is the Gauss-Bonnet-Cherntheorem, which follows immediatelyfrom
(4.1) togetherwith McKean and Singer’s formula (1.4) [6]. (4.1) is a stronger,
local result originally conjecturedby T$lcKean and Singer,and first provedby
Patodi [7]).

Proof (The idea of the proof is to rescalethe odd parameters which occur in
the superspace calculation of the supertrace, and to use the fact thatt~

2P,(0,0)
remains finite as t tends to zero, to isolate the contribution to the supertrace
which survives in this limit from the contribution which dies away; the useof

the heat kernel of the scalar Laplacian, rather than the more geometric Bochner
Laplacian, makes this separation very simple).

With the notation of section 2.3,

str exp(—At)(x, x) = d”aexp(—~”t)(0,0,a,a).

Now A” hastheform

A” =—a
1g

11’ a
1+s~’o”o,a,+ T~0”ö1+UZ7OkO

16mÔn,

where U~f’= -~-R~7” —g~ r;~’I’”, qnd S~,T~(and of courseU~)are smooth
compact support functions on R”. (r7 and R~’ are the connectionand
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curvaturecoefficients correspondingto the metric g’. The preciseform of S~!
and T,~in termsof curvatureandconnectioncoefficientswill not be important).
Thus,usingTheorem3.3.1,with H = A”,

strexp(—tD)(x, x)= d”~ d”adp [0,0,a,a,~,t]

(4.3) x exp— ~ik (x(s))0k(s)p~(s)dx~

+ f [T~(x(s))0k(s)p1(s)+ ( m(X(5))Ok(s)O1(s)p(S)p(s)]ds

Inspection of the fermionic part of the measuresdp [0, 0, Os, Cl, K, t] and

dp [0, 0, 0, 0, 0, t] showsthat this equationmaybe rewritten as

str exp(— At)(x, x) = d” ~ d”a dp [0, 0,0, 0,0, t]

x exp— ~Ik (x(s))(Ok(s) + ak)(p1(s) + 6~) dx
1

(4.4) 0

+ f [Tk(x(s))(Ok(s) + ak)(p
1(s)+

+ U~m(x(s))(0k(s)+ a~)(0~(s)+ ~) (pm(S)+ Km)(Pn(S)+ ~h

1 ds~.

Settinga = t~1’1a’,K = t”4K’ (andhenceda= t114 da’ anddK = t1’4 dK’)gives

str exp(—At)(x, x) = fdnK’ dna’ t~’2d~[0, 0, 0, 0, 0, t]

xex~_~Jt~’U~~(0)~&Kmk,JS

(4.5) 0
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4 rt’
+ ~ t-~’~ç

1(X(5), U(s), p(s)) dx
1 +

a0 0

+1 t~ai4g~(x(s),e(s),p(s))ds~,

where the f,~,and ~ are of compact support, f~is zero, and (for a = 1, 2, 3)

fai(0,0,0f0ra(0,P)in R°L2”; andalso,fora= l,2,3,4,g~(0,0,p)iszero
for all (0, p) in R~’2”. (Thesepropertiesof g,,~and fa follow from the fact that

normal coordinates are being used on M at x). Now consider

1(t) defft~2 dp [0, 0, 0, 0, 0, t]

~ r ,“

(4.6) x exp ~ [I t_a/4faj(X(s),U(s), p(s)) dx’ +
a=0

+ f t_~1~g~(x(s),U(s), p(s) ds]— l~.

For N = 1, 2, . . ., let IN(t) denotesuccessiveapproximationsto 1(t) according

to the definition3.1.2.Now it is provedin [12] that

(4.7) jim t”12P~(0,0)=(47ry~’2.

Hence t~”2P~(0,0) is boundedfor 0 < t < T (where T is some fixed positive

number). Thus the proof of theorem 3.2.2 shows that IN(t) tends to 1(t)

uniformly in t for 0 <t < T. Hence

(4.8) lim 1(t) = lim lim IN(t)
r—~0 N—v~t—~0

if the right hand side of this equation exists. However arguments similar to

those used in the proofof theorem3.2.2 show that ~ IN(t) = 0 for every N.

Hence

(4.9) lim 1(t) = 0,
t—’O

thus
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lim str exp(— At)(x, x)

= lirnfdflK d~adp [0, 0,0, 0, 0, t]exp — U~~~(0)akalKm K,,

(4.10) = (
4~)_kfdflK d~aexp — R~fl(0)OskCliKmK~

= (l/k!)(— l)
1’(B7r)1’

x (— 1 )P(_ I ~ (x) ... ~ (x),
p,qEperm{i n}

asrequired. U

CONCLUSION

This paper showsthat fermionicpath integrationcanbe usedto deriveanalytic
results.The integralsdevelopedhere are the minimum necessaryfor the proofof

the Gauss-Bonnet-Cherntheorem, but various extensionsshould be possible.
For instance,the Feynman-Kac-Itoformula (Theorem3.3.1)shouldremainvalid

under rather less stringent conditions on the function Ii~ and K~.Also more

general subdivisionsof the time interval in the definition of the integrandfor
the Feynman-Kac-Itoformulashouldbepossible.

Work is in progressto extendthe methodsof this paperto the twisted Dirac
operator,and hence to obtain a proof of the Atiyah-Singerintex theoremfor

all the classicalcomplexes.
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